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1. Introduction
In this short paper, we consider the following 3D generalized magneto-hydrodynamics (GMHD) equations:
⎧⎪⎪⎪⎨
⎪⎪⎪⎩
∂tu + u · ∇u − b · ∇b + (−)αu + ∇p = 0,
∂tb + u · ∇b − b · ∇u + (−)βb = 0,
∇ · u = ∇ · b = 0,
u(x,0) = u0(x), b(x,0) = b0(x).
(1.1)
Here u,b are the velocity and magnetic ﬁelds, respectively; p is a scalar pressure; while u0,b0 are the corresponding initial
data with ∇ · u = ∇ · b = 0 in the sense of distributions; α,β > 0 are the parameters and the fractional power of Laplacian
(−)γ is deﬁned as
̂(−)γ f (ξ) = |ξ |2γ fˆ (ξ).
As usual, we write Λ = (−)1/2.
The global weak solution to (1.1) has been established by Wu [1]. But as for the Navier–Stokes (α = 1, b = 0) or the
MHD system (α = 1, β = 1), whether or not a given weak solution is regular and unique remains an open problem. Hence
suﬃcient conditions to ensure the smoothness of solutions appeared. The MHD system has been studied intensively by
many authors, see [2–6]. While for (1.1), Wu [1] considered the case α,β > 1/2 + n/4, where n is the space dimension.
Later, Zhou [7] dealt with two cases: 1 α = β  3/2 and 1 β  5/4 α < 5/2. For the case 3/4 < α = β < 5/4, Wu [8]
obtained the classical Beal–Kato–Majda criteria for GMHD equations. The case 1 α = β  5/4 is done by Yuan [9].
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2α
p
+ 3
q
= 2α, 3
2α
< q∞, (1.2)
then the solution is smooth.
The purpose of this paper is to improve (1.2) in some sense. The main results now read:
Theorem 1.1. Assume that (u,b) is a weak solution of (1.1) on (0, T ) corresponding to the data (u0,b0) ∈ H1(R3). If additionally,
(1) 0< α  1 and
∇u ∈ Lp(0, T ; M˙q,r), 2α
p
+ 3
q
= 2α, 3
2α
< q∞, 1 < r  q; (1.3)
(2) or 0< α < 3/2 and
∇u ∈ L 2α2α−γ (0, T ; X˙γ ), 0 γ  α; (1.4)
then the solution (u,b) actually is smooth on (0, T ).
Remark 1.1. Noticing (see [6,11])
Lq = M˙q,q ⊂ M˙q,r, 1 < r  q < ∞,
L
3
γ ⊂ X˙γ , 0 γ < 3
2
,
Theorem 1.1 indeed improves (1.2) in some sense.
2. Preliminaries
Let us now introduce the function spaces appeared in Theorem 1.1.
For 1< r  q < ∞, the homogeneous Morrey space M˙q,r in R3 is deﬁned as
M˙q,r =
{
f ∈ Lrloc
(
R3
); ‖ f ‖M˙q,r = sup
x∈R3
sup
R>0
R
3
q − 3r ‖ f ‖Lr(B(x,R)) < ∞
}
.
For 1 q′  r′ < ∞, the homogeneous space N˙q′,r′ is deﬁned as the subspace of Lr′(R3) which has the form
f =
∑
k∈N
gk, (2.1)
where each gk ∈ Lr′comp(R3) (the Lr′ -functions with compact support) and satisfying
∑
k∈N
d
3
q′ − 3r′
k ‖gk‖Lr′ < ∞.
Here dk = diam(supp gk) < ∞. N˙q′,r′ is a Banach space equipped with the norm
‖ f ‖N˙q′,r′ = inf
{∑
k∈N
d
3
q′ − 3r′
k ‖gk‖Lr′
}
,
where the inﬁmum is taken over all possible atom decompositions like (2.1).
We have the following properties on the spaces M˙q,r and N˙q′,r′ , which will be frequently used later.
Lemma 2.1. (See [11,12].) Let 1< q′  r′ < ∞ and q, r satisfy
1
q
+ 1
q′
= 1 = 1
r
+ 1
r′
,
then M˙q,r is the dual space of N˙q′,r′ .
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γ = −3
2
+ 3
q
+ 3
m
∈ (0,1],
then
‖u · v‖N˙q′,r′  C‖u‖Lm‖v‖H˙γ . (2.2)
Recall that for γ ∈ [0,3/2), the multiplier space X˙γ is deﬁned as the subspace of S ′(R3), the element of which deﬁnes
a bounded linear map from H˙α into L2. The norm is then given by the operator norm
‖ f ‖ X˙γ = sup‖g‖H˙α1
‖ f g‖L2 .
X˙γ and M˙q,r are related as [11,13]:
M˙r, 3γ
⊂ X˙γ , 2 r < 3
γ
. (2.3)
Through the proof in the next section, we shall frequently use the following interpolation inequality
‖v‖Lq  C‖v‖1−
3
2α + 3qα
L2
∥∥Λαv∥∥ 32α − 3qα
L2
, 2 q 6
3− 2α , 0 < α <
3
2
. (2.4)
3. Proof of Theorem 1.1
As in [10], multiplying the ﬁrst two equations of (1.1) by −u and −b, integrating by parts, and gathering together,
we have
1
2
d
dt
[‖Λu‖2L2 + ‖Λb‖2L2]+
∥∥Λ1+αu∥∥2L2 +
∥∥Λ1+β∥∥2L2
= −
∫
R3
∂ku j∂ jui∂kui dx+
∫
R3
∂kbi∂ jbi∂kui dx−
∫
R3
∂ku j∂ jbi∂kbi dx+
∫
R3
∂kb j∂ jui∂kbi dx
=: I1 + I2 + I3 + I4. (3.1)
(1) Assume that (1.3) holds. Using (2.4) and Young inequality, I1 can be bounded as
I1  C‖∇u‖M˙q,r‖∇u‖Lm‖∇u‖H˙α
 C‖∇u‖M˙q,r
(‖Λu‖1− 32α + 3mα
L2
∥∥Λ1+αu∥∥ 32α − 3mα
L2
)∥∥Λ1+αu∥∥L2
= C‖∇u‖M˙q,r‖Λu‖
1− 32α + 3mα
L2
∥∥Λ1+αu∥∥1+ 32α − 3mα
L2
 1
2
∥∥Λ1+αu∥∥2L2 + C‖∇u‖pM˙q,r‖Λu‖2L2 , (3.2)
where
α = −3
2
+ 3
q
+ 3
m
.
Similarly, we have
I2 + I3 + I4  1
6
∥∥Λ1+αb∥∥2L2 + C‖∇u‖pM˙q,r‖Λb‖2L2 . (3.3)
Combining (3.2), (3.3) and substituting into (3.1), one obtains
d
dt
[‖Λu‖2L2 + ‖Λb‖2L2
]
 C‖∇u‖p
M˙q,r
[‖Λu‖2L2 + ‖Λb‖2L2
]
.
Gronwall inequality then implies that u,b ∈ L∞(0, T ; H1). A bootstrap argument shows that the solution is in fact
smooth.
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I1  ‖∇u‖L2‖∇u‖ X˙γ ‖∇u‖H˙γ
 C‖∇u‖L2‖Λu‖2−
γ
α
X˙γ
∥∥Λ1+αu∥∥ γα
L2
 1
2
∥∥Λ1+αu∥∥2L2 + C‖∇u‖
2α
2α−γ
X˙γ
‖Λu‖2L2 . (3.4)
The other three terms can be similarly bounded. Applying the Gronwall inequality, we conclude this case also. The proof is
completed.
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